In this work, we study the geodesic structure for a geometry described by a spherically symmetric four-dimensional solution embedded in a five-dimensional space known as a brane-based spherically symmetric solution. Mainly, we have found that the extra dimension contributes to the existence of bounded orbits for the photons, such as planetary and circular stable orbits that have not been observed for other geometries.
I. INTRODUCTION
Extra-dimensional gravity theories have a long history that begins with an original idea propounded by Kaluza and Klein [1] as a way to unify the electromagnetic and gravitational fields, and nowadays finds a new realization within modern string theory [2, 3] . Among the higher-dimensional models of gravity, the five-dimensional Randall-Sundrum brane worlds models [4, 5] have garnered a great deal of attention in the last decade. In particular, their second model [5] can be described by a single brane, i.e., a 3+1-dimensional hyper-surface embedded in a higher-dimensional space-time, in which the matter and gauge fields of the standard model are confined to it, while the gravitational field can propagate in the fifth dimension, which has an infinite size. From the cosmological point of view, brane worlds offer a novel approach to our understanding of the evolution of the universe, and they have exhibited interesting cosmological implications, as witnessed in the study of missing matter problems. They also provide a new mechanism to explain the acceleration of the universe based on modifications to general relativity (GR) instead of introducing an exotic content of matter (for instance see Ref. [6] and the references therein). On the other hand, the DvaliGabadadze-Porrati (DGP) brane world model [7] , whose gravity behaves as four-dimensional on a short distance scale but shows a higher-dimensional nature at larger distances, has also attracted great interest in the last decade [8] [9] [10] . This brane world model is characterized by the brane on which the fields of the standard model are confined, and contains the induced Einstein-Hilbert term. It also exhibits several cosmological features [11] [12] [13] [14] . It has also been shown that the effective four-dimensional equations obtained by projecting the five-dimensional metric onto the brane acquire corrections to GR [15] . Additionally, brane worlds models with a non-singular or thick brane have been considered in the literature (see for instance [16] and references therein). It is also worth mentioning that the classic GR tests have been examined for various spherically symmetric static vacuum solutions of brane world models, for instance see [17] [18] [19] [20] [21] . However, it should also be noted that the geometric localization mechanism implies a four-dimensional mass for the photon [22] .
Besides, a Schwarzschild four-dimensional solution can be embedded in a five-dimensional space, which is known as a brane-based spherically symmetric solution, and is given by the following metric:
wherex 5 stands for the extra dimension, and represents the simplest example of a black string. However, it was shown by Gregory and Laflamme that it is unstable under linear metric perturbations [23] . Additionally, the line element is conformally related to the fivedimensional black cigar solution [24] . Moreover, by adding an extra flat dimension to the Kerr solution of GR and performing a boost in the fifth dimension to this five-dimensional metric and then compactifying the extra dimension, a new four-dimensional charged spherically symmetric black hole was obtained together with a Maxwell and dilaton field in Ref.
[25]; the hidden symmetries and geodesics of Kerr space-time in Kaluza-Klein theory were studied in Ref. [26] .
In this work, we consider the geometry described by (1) . Then, we study analytically the geodesic structure for particles and discuss the different kinds of orbits for photons focusing on the effects of the extra dimension. It is important for any geometry to characterize the geodesic motion of massive particles or photons because it is possible to know the different trajectories of particles, which makes it possible to fix the free parameters of the theory. Additionally, the study of null geodesics has been used to calculate the absorption cross section for massless scalar waves at the high frequency limit or the geometric optic limit, because at the high frequency limit the absorption cross section can be approximated by the geometrical cross section of the black hole photon sphere σ ≈ σ geo = πb 2 u , where b u is the impact parameter of the unstable circular orbit of photons for an unbounded orbit. Moreover, in [27, 28] this approximation was improved at the high frequency limit by σ ≈ σ geo + σ osc , where σ osc is a correction involving the geometric characteristics of the null unstable geodesics lying on the photon sphere, such as the orbital period and the Lyapunov exponent. It should be mentioned that in Ref. [29] , the authors considered the same geometry and set up the mass parameter to be far below the value necessary for a black hole solution, and investigated how the parameter related to the extra dimension brings subtle but important corrections to the classic tests performed in GR, such as the perihelion shift of the planet Mercury, the deflection of light by the Sun, and the gravitational redshift of atomic spectral lines. Moreover, this parameter can be constrained in order to agree with the observational results. As we will show, in this paper we adopt the same constraint on the mass parameter and on the parameter related to the extra dimension in order to estimate the radius of the stable circular photon orbit around a star like the Sun. This paper is organized as follows: in Sec. II we present the procedure to obtain the equations of motion for neutral particles in the brane-based spherically symmetric solutions.
In Sec. III we give the exact solution for the circular orbits and we describe the analytical solution for the orbits with angular momentum in terms of the ℘-Weierstrass elliptic function.
Then, in Sec. IV, we study the radial trajectories. Finally, in Sec. V we conclude with some comments and final remarks.
II. GEODESICS
First, we consider a light-cone type transformation in spherical coordinates, embedded in a five-dimensional space [29] given by r =r, θ =θ, φ =φ,
Thus, Eq. (1) becomes
Now, with the aim of studying the motion of neutral particles around the brane-based spherically symmetric solution, we derive the geodesic equations. So, the Lagrangian that allows to describe the motion of a neutral particle in the background (3) is 2L =ṙ
whereȧ = da/dτ , τ is an affine parameter along the geodesic that we choose as the proper time, and µ is the test mass of the particle (µ = 1 for massive particles and µ = 0 for photons).
The equations of motion are obtained fromΠ q −
∂L ∂q
= 0, where Π q = ∂L/∂q are the conjugate momenta to the coordinate q, which yieldṡ
x 5 are conserved. Therefore,
Now, without lack of generality we consider that the motion is developed on the invariant plane θ = π/2 andθ = 0. So the above equations can be written as
where h is the angular momentum of the particle, and c 1 and c 2 are dimensionless integration constants. Thus, by defining c 1 + c 2 ≡ −k and c 1 − c 2 ≡ b, we obtaiṅ
Note that the coordinatex 5 can be obtained by subtractingẋ 4 andẋ 5 , using Eq. (10) we
Thus, we observe that the coordinate x 5 increases linearly with the affine parameter τ .
Therefore, the particles can escape to the additional dimension. However, we consider that the extra dimension experienced by the fields is small, in order to viabilize a universal extra dimension such as in Ref. [29] . Finally, by substituting Eqs. (9) and (10) in Eq. (4), it follows that dr dτ
From this equation we observe that k 2 /2 represents the energy of the particle. Now, defining the new constantμ 2 ≡ µ 2 + b 2 /2, the effective potential V (r) can be written as
On the other hand, if we consider Eq. (12), the orbit in polar coordinates is given by
yields
where we have used the Keplerian change of variable r to u = 1/r.
Note that the effective potential V (r) tends toμ 2 when r → ∞ and that the constant b, associated with the extra dimension, also contributes to the effective potential. Also, observe that for photons µ = 0; however,μ 2 = b 2 /2 is positive, which implies that there are bounded orbits (k 2 /2 <μ 2 ) for the photons as we shall see in detail in the next section. In the following, despite the geodesics being for photons and particles, we focus on the photon case (μ 2 = 0.1 < 1). So, in Fig. 1 we plot the effective potential V (r) for photons with m = 0.1,μ 2 = 0.1 and for different values of the angular momentum of the particle h, where the point of inflexion corresponds to the last stable circular orbit (LSCO). Also, we can observe that there is a critical angular momentum of the particle h c ≈ 1.2649, where the energy of the unstable circular orbit takes the valueμ 2 . For a h < h c , the effective potential shows that all the unbound trajectories (k 2 /2 ≥μ 2 ) can fall to the horizon or can escape to infinity. If h > h c , the maximum value of the effective potential is greater thanμ 2 and the particles with energyμ 2 < k 2 /2 < k 2 c /2 have return points. The particles located on the right side of the potential barrier that arrive from infinity have a point of minimum approximation and are scattered to infinity. However, particles located on the left side of the potential barrier have a return point from which they plunge to the horizon. On the other hand, the minimum of the potentials corresponds to the stable circular orbits, whereas the maximum corresponds to the unstable circular orbit. (thick line).
III. ORBITS
Now, in order to obtain a full description of the motion of the neutral particles, we will find the geodesics analytically. So, it is convenient to rewrite Eq. (14) as
where the characteristic polynomial P (r) is given by
Therefore, we can see that depending on the nature of its roots, we can obtain the allowed motions for this configuration. Therefore, by integrating Eq. (16), we obtain the polar form of the orbit of the first kind for the neutral massive particles, which yields
where ℘(x; g 2 , g 3 ) is the ℘-Weierstrass elliptic function, with the Weierstrass invariants given by
with ω 0 being an integration constant and R 0 the return point of the particle. Despite the test mass of the photon being null, in the following we define the bounded and unbounded orbits if r remains bounded or not along the orbits, respectively. Also, the orbits of the first kind are defined as the relativistic analogues of the Keplerian orbits to which they tend in the Newtonian limit, while the orbits of the second kind have no Newtonian analogues [31] .
A. Bounded orbits
Circular orbits
It is known that circular orbits (r c.o. ) correspond to an extreme value of the potential, that is, dV (r)/dr = 0. The last stable circular orbit occurs when the angular momentum is h LSCO = 2 √ 3 mμ. However, the minimum radius of a stable circular orbit is r LSCO = 6 m.
Therefore, if h < h LSCO , there are no circular orbits, and if h > h LSCO the circular orbits can be stable (r S ) or unstable (r U ), which yields
It is important to mention that, despite the mass test of the photon being null, there are stable circular orbits for the light. Now, in order to estimate the radius of the circular orbits for photons, consider for example a circular orbit for photons around a star like the Sun, without considering the effect of other bodies. The geometrical mass m and the ratio b/h are constrained to [29] :
Thus, considering b/h ≈ 2.403015 × 10 −8 km −1 from Eq. (20) we obtain the radius r S ≈ 2.3 × 10 15 km.
On the other hand, the periods for one complete revolution of these circular orbits, measured in proper time and coordinate time (x 4 , x 5 ), are
Expanding the effective potential around to r = r S , we can write
where ′ means derivative with respect to the radial coordinate. Obviously, in these orbits is the energy of the particle in the stable circular orbit. Also, it is easy to see that test particles satisfy the harmonic equation of motionẍ = −κ 2 x. Therefore, in our case, the epicycle frequency is given by
Note that this epicycle frequency is for photons, which does not occur in the Schwarzschild space-time.
Orbits of the first kind, like planetary, and second kind
Orbits of the first kind occur when the energy lies in the range V (r S ) < k 2 /2 < V (r U ) < µ 2 , and this case requires that P (r) = 0 allows three real roots, all of which are positive;
and we write them as
where
Thus, we can identify the apoastro distance as r A = r (0) d , and the periastro distance as r P = r (2) d , while the third solution can be recognized as the apoastro distance to the orbits of the second kind, r F = r (1) d . So, we can rewrite the characteristic polynomial (17) as P (r) = (r A − r)(r − r P )(r − r F ).
Furthermore, we can determine the precession angle corresponding to an oscillation, resulting in Φ = 2φ P − 2π, where φ P is the angle from the apoastro to the periastro.
Now, we can observe in Fig. 2 Also, if h = h LSCO the particle can orbit in a stable circular orbit at r LSCO = 6m. There is also a critical orbit that approaches the stable circular orbit asymptotically, see Fig. 3 .
In the second kind trajectory, the particle starts from a finite distance greater than the horizon and plunges towards the center (see Fig. 4 ). 
B. Unbounded orbits

Critical orbits
The unstable circular orbits of radius r = r u corresponds to the maximum in the potential and is allowed for h > h c (see Fig. 1 for h = √ 1.9). In this case, the energy of the photon is
. Also, there are two critical orbits that approach the unstable circular orbit asymptotically. In the first kind, the particle arises from infinity, and in the second kind, the particle starts from a finite distance greater than the horizon, but smaller than the unstable radius (see Fig. 5 ). orbit of the first kind (thin line) the test particle arrived from infinity to r u = 3.266, where r u corresponds to the radius of the unstable circular orbit; and for orbits of the second kind (thick line) the test particle starts from r u and plunges into the horizon (dashed circle).
Deflection of light
Orbits of the first kind occur when the energy lies in the range ofμ 2 < k 2 /2 < V (r U ), and this case requires that P (r) = 0 allows three real roots, which we can identify as r D = r
d , which correspond to the closest distance, r f = r (2) d as an apoastro distance for the trajectories of the second kind and the third root, r 3 = r (1) d is negative without physical interest. Thus, we can rewrite the characteristic polynomial (17) as
Furthermore, we can determine the scattering angle, which is Θ = 2φ
where φ ∞ is the angle from the closest distance to infinity. In Fig. 6 we show the behavior If k > k u , the particle can escape to infinity or plunge into the horizon depending on the initial condition. The geometrical cross section of the black hole photon sphere σ = πb 
B. Unbounded trajectories:
There are also unbounded trajectories if the condition k 2 /2 ≥μ 2 is satisfied. In this case the proper time τ (r), x 4 (r, b) and
where, for the sake of simplicity, we have considered k 2 /2 =μ 2 . In Fig. 9 , we plot the behavior of the proper time τ and the temporal coordinatex 4 , where the particle crosses the horizon in a finite proper time and the particle takes an infinity coordinate time to reach the horizon. 
V. SUMMARY
In this manuscript, we have studied the geodesic structure for a geometry described by a spherically symmetric four-dimensional solution embedded in a five-dimensional space known as a brane-based spherically symmetric solution, and we have described the different kinds of orbits for particles and photons. Mainly, we have found that the effect of the extra dimension is to contribute to the effective potential through the parameter b. This implies that there are bounded orbits for the photons, and we have found a stable circular orbit and the associated epicyclic frequency. Also, we have found bounded orbits that oscillate between an apoastro and a periastro distance, and we have determined the perihelion shift for the photons that have not been observed for other geometries. In addition, we have found that the deflection of light is allowed for values of energy greater than b 2 /2 and less than the energy for the unstable circular orbit. Note that this does not occur for the deflection of light in a Schwarzschild space-time [31] . The geometry analyzed presents bounded and unbounded radial trajectories for neutral particles. However, it is possible to find bounded trajectories for photons as a new behavior observed for null geodesics. In this sense, bounded orbits for the photons can be seen as a consequence of extra dimensions.
